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Abstract
Poincare had conjectured that the fact that closed loops could be
shrunk to points on a surface topologically equivalent to the surface
of a sphere can be generalised to three (and more) dimensions. After
nearly a century the conjecture has remained unproven. We given
arguments below to show that the conjecture doesn’t work in three
dimensions.
Nearly a hundred years ago, Poincare had conjectured that the fact that
closed loops could be shrunk to points on a two dimensional surface topo-
logically equivalent to the surface of a sphere can be generalised to three
dimensions also[1]. After all these years the conjecture has remained un-
proven. We will now see why the three dimensional generalisation is not
possible.
We firstly observe that a two dimensional surface on which closed smooth
loops can be shrunk continuously to arbitrarily small sizes is simply con-
nected. On such a surface we can define complex coordinates following the
hydrodynamical route exploiting the well known connection between the two.
If we consider laminar motion of an incompressible fluid we will have[2]
~∇ · ~V = 0 (1)
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Equation (1) defines, as is well known, the stream function ψ such that
~V = ~∇× ψ~e
z
(2)
where ~e
z
is the unit vector in the z direction.
Further, as the flow is irrotational, as well, we have
~∇× ~V = 0 (3)
Equation (3) implies that there is a velocity potential φ such that,
~V = ~∇φ (4)
The equations (2) and (4) show that the functions ψ and φ satisfy the Cauchy-
Reimann equations of complex analysis[3].
So it is possible to characterise the fluid elements by a complex variable
z = x+ ıy (5)
The question is can we generalise equation (5) to three dimensions? Infact
as Hamilton concluded a long time ago[4], a generalisation leads not to three
but to four dimensions, with the three Pauli spin matrices ~σ replacing ı.
Further these Pauli spin matrices do not commute, and characterise spin or
vorticity.
This is not surprising - the reason lies in equation (2) or equivalently in the
multiplication law of complex numbers. (Infact, there is a general tendency
to loverlook this fact and this leads to the mistaken impression that complex
numbers are just an ordered pair of numbers, which latter are usually asso-
ciated with vectors.)
The above considerations give an explanation for the 3+ 1 dimensionality of
space time[5]. Infact it is well known that it is the entanglement of the spin of
electrons (spin half) that implies three dimensionality of physical space[6, 7].
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